ABSTRACT. For monic polynomials / (z) of degree n with prescribed LP norm (1 s p <, oc) on the unit circle or supremum norm on the unit interval we determine bounded regions in the complex plane containing at least k (1 s k s n) zeros. We deduce our results from some new inequalities tdiich are similar to an inequality of Vicente Gonçalves and relate the zeros of a polynomial to its norm.
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Q. I. RAHMAN AND G. SCHMEISSER zn + S^fl.z' of degree n with H/JL = N. In case N is given to be the supremum norm on the unit interval it turns out to be appropriate to find out the sum p(n, k, oe, N) of the semiaxes of the ellipse with foci at -1,1 and containing at least k zeros of every polynomial fn(z) = z" + SyJ'g1 a.z> with SK^C/ ) = N.
Quite a few results giving bounds for the zeros depending on the moduli of coefficients may be found in [3J. Since ||/ ||2 is expressible in terms of the coefficients some of these results may be used to determine estimates for R(n, k, 2, N). For example, the polynomial /_U) = zn + ^J"»1 a.z7 is known to have (see [3, (27, Formula 19)]) all its zeros in \z\ <(l +^¡!"x\a.\2)1'2. Since (l + S?"1 |a.|2)1/2 = ii dl r ;-u ;' ||/J|2 this shows that R(n, n, 2, N) < N. But ¡tin, n, 2, N) is easily seen to be equal to the positive root R(n, N) of the equation (3) R2n-(AÍ2-l)n¿R2l,= 0.
In fact, if £ is a zero of the polynomial / (z) Substituting R2 = N2 -a in (3) we get (N2-l)/N2n = a(l -a/N2T. Hence for fixed n and large N, a = 0(l//V2(n-1)), i.e. (4) R = N(1-0(N-2")).
If 1 < A < n an upper estimate for R(n, k, 2, /V) can be deduced from the following result of Vicente Gonçalves ([l0], also see [4] and [3, Exercise 4, p.
130]).
Theorem A. Consider the polynomial f (z)= z" + ^"J".1 a.z1 and let £,,£-,
• • • , C denote the zeros of f (z) in an arbitrary order. Then for 1 < k < n (5) KA-^il' + KiAtf-^l^-l/Ji.
where for k = 1 /ie /:'rsi /er« on iie left-hand side is to be replaced by 1.
In particular
The example f"(z)= z" + (N2 -l)1/2 (N > l) shows that, in fact, (6*) R(n, 1, 2, A^OV2-!)1^2"). which is equivalent to (10).
Remark 1. The example /n(z) = z" + 1 shows that (10) is false for 2 < p < «.
In fact, for 2 < p < «
Remark 2 (Tie case of equality in (10)). In (8) Applying Theorem 1 to f^(z) and noting that lim-". yl = 1 we obtain the following result on the location of critical points of /"(*). 
showing that the bounds for R{n, k, 2, Ai), R(n, k, oo, A/) obtainable from (13) are not too bad for large N.
With the help of Theorem 1 we obtain a slight improvement of (7) (it is only for sake of simplicity that we restrict ourselves to the case of supremum norm).
Let Ç. be a zero of smallest modulus of / (z) = z" + 2?"1 a.zK Then by Hence, whatever |£j | may be, / (z) has at least two zeros in M ¿{ttl/JL-2)+J4>All/JL+2)2-4}1/(-l).
i.e. we have which is an improvement on (7).
As pointed out in Remark 1 inequality (10) does not hold for 2 < p < o«.
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Since ||/ ||. is a nondecreasing function of p we obtain from Theorem A (u2--tk-i\2+Uk+i-Q2yAs\\fjp (2<p<-) and in particular (14) R(n, 1, p. N)<(N2-l)U2n (2<p<oc).
Another result like inequality (10) but valid for 1 < p < « is the following.
Theorem 2. In the notations of Theorem 1 we have for 1 < p < oc and 1 < k <n (15) \t¿2~-¿k-l\ + Wk+l~'QSYlp/PUJp where y is given by (11) . For k = 1 the first term on the left-hand side of (15) is to be replaced by 1.
This result can be deduced from the following lemma (see [5, Theorem 2]) in the same way as Theorem 1 was deduced from (8), (9) .
'Lemma 1. // /(z) = 2"_ a.z1 is a polynomial of degree n and a , a (u < v)
are two coefficients such that for no other coefficients a ¿ 0 do we have w = u mod(fu), then for every p> 1, \a \+\a \< y ||/|L where y is given by (11) .
From (15) it follows that (16) R(n, 1, p. N) < (ylp/pN -l)l/n (l < p < «).
The limiting case as p -»« of (16) agrees with (12*). The bound in (16) is attained for / (z) = zn + eia, a real.
Comparing (16) with (12) for 1 < p < 2 and with (14) for 2 < p < » it is seen, that in both cases the bound for R(n, 1, p, N) given by (16) is better or worse than the other one depending on the value of Af.
We now turn to the study of the location of zeros of a monic polynomial fn(z) in terms of SR (/ X As S¡2(/n^ may be expressed in terms of the moduli of the coefficients in the Legendre-development of / (z) regions containing at least k (l < k < n) zeros of fn(z) may be obtained from the following (specialized versions of) known results. Theorem C [2] . ln the notations of Theorem B we have A-¿^(U<«i2(/"))2-a;2)1/2.
n-l i*=l
For the purpose of determining the location of k (l < k < n) zeros of / (z) = z" + 2^J"0 a^z* in terms of Sl^/^) we prove the following inequality which is somewhat similar to (10). 2n-l n where T (x) = cos n arc cos x is the nth Chebyshev polynomial. If 2 < k < n equality holds only for /"(*)= 2-(n-1)(Tn(z) ± l).
We may apply Theorem 3 to the polynomial / (z)fn(z) of degree 2« to obtain the following We observe that the monic polynomials /n(z) having no sign change in (-1, l) and deviating least from zero on the unit interval are 2"{n~l)(T (z) ± l) with deviation N = 2_(n"2).
n In the same way we can deduce from Corollary 4 the following result.
Corollary 7. // p(n, k, oc, N) is as defined in the beginning of this paper we have (21) p(n, k, co, N) <(r-lN + yf(2n-lN)2 -lj/{n-k*l) Ov > 2~("-1)).
